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1. Plot the Time Series 

 

1.1 Dataset Description and Data Preparation 

 
The assigned dataset for this project is aus_fertility, which is included in the fpp3 package. 

The purpose of the project is to analyze and forecast the fertility rate of women older than 40 in 

Australia from 1980 onward. 

 

Since the original dataset contains fertility rates for different age groups, the data was 

filtered according to the assigned criteria: Region = Australia, Year ≥ 1980, and age groups older 

than 40. After filtering, multiple observations remained for some years because more than one age 

group was included. Therefore, the fertility rates were averaged by year to obtain a single annual 

time series. The resulting series represents the average fertility rate of women older than 40 in 

Australia and was used for visualization, model fitting, model evaluation and final forecasting. 

 

 

 

 

Figure 1.1 shows that after filtering the dataset for Australia, Year ≥ 1980, and age groups 

older than 40, multiple observations still remain for each year because several age groups are 

included. 

 

Since forecasting models such as ETS and ARIMA require a single time series, the fertility 

rates were averaged by year to obtain one representative annual series. 



Time Series Plot 
 

 

 

Figure 1.2 : Time Series Plot of Average Fertility Rate in Australia for Women Older Than 40 

 

Figure 1.2 presents the time series plot of the average fertility rate of women older than 40 

in Australia from 1980 onward. Since the data is annual, no regular seasonal pattern is expected. 

The main purpose of this plot is to examine the overall movement of the series, the presence of a 

possible trend, the stability of variance and whether the series appears stationary or nonstationary. 

 

Based on the visual inspection, the series does not fluctuate around a constant mean and 

shows a strong and persistent upward trend over time. This indicates that the series does not 

maintain a stable long term level. These characteristics suggest that the original series is non 

stationary, mainly due to the changing mean level. Since ARIMA models require stationarity, 

differencing and further stationarity checks such as ACF/PACF analysis and unit root tests should 

be considered before model fitting. 



2. Create Training and Test Sets 

 

2.1 Training and Test Set Division 

 
In time series forecasting, the order of observations is very important because future values 

depend on past values. For this reason, the dataset was divided chronologically rather than 

randomly. A random split could cause information leakage and reduce the reliability of model 

evaluation. 

 

The observations from 1980 to 2014 were used as the training set, while the observations 

from 2015 onward were reserved as the test set. The training set was used for fitting ETS and 

ARIMA models, while the test set was used to evaluate forecasting performance by comparing 

predicted values with actual observations. This separation allows us to test how well the models 

perform on unseen future data. By preserving the natural time structure of the series, the 

forecasting process becomes more realistic and the final model selection becomes more reliable. 

 

 

 

Table 2.1 : Training Set (1980 – 2014) Table 2.2: Test Set (2015–2022) 



3. Modeling the Training Data: 

 
a. ETS models 

 
i. Identify Candidate ETS Models 

 

 
Figure 3.1 : Components of Candidate ETS Models 

 

Exponential Smoothing (ETS) models were considered for forecasting the average fertility rate of 

women older than 40 in Australia. Since the time series is annual, no regular seasonal pattern is 

expected. Because of this all candidate models were specified without a seasonal component. 

 

Based on the time series plot and the ACF/PACF analysis, the series shows a clear and persistent 

upward trend. This indicates that models including a trend component are necessary. For this reason, 

additive trend, multiplicative trend and damped trend models were included among the candidate ETS 

models. 

Damped trend models were also considered because fertility rates are naturally limited by biological 

and demographic factors, meaning that the increasing trend cannot continue indefinitely at the same rate. 

Therefore, models such as ETS(A,Ad,N), ETS(M,Ad,N), ETS(A,Md,N) and ETS(M,Md,N) were 

included to allow the trend to gradually slow down over time. 

 

In addition, simple exponential smoothing models such as ETS(A,N,N) and ETS(M,N,N) were also 

included to test whether the trend component significantly improves forecasting performance. 



ii. Fitting ETS Models 

 

Table 3.1 : Smoothing Parameters and Initial States of Candidate ETS Models 

 

The candidate ETS models were fitted using the training dataset covering the years 1980–2014. 

For each model, the smoothing parameters and initial states were estimated automatically by the ETS 

procedure. 

 

The parameter α controls the level smoothing, β controls the trend smoothing and φ represents 

the damping parameter used in damped trend models. In addition, l₀ indicates the initial level of the 

series, while b₀ represents the initial trend value. 

 

Since the fertility rate series shows a strong upward trend over time, correctly estimating the 

trend related parameters is important for accurate forecasting. Models including a trend component are 

expected to perform better because the series clearly does not fluctuate around a constant mean. 

Table 3.1 presents the estimated smoothing parameters and initial states for all candidate ETS 

models. These fitted models were later compared using information criteria and forecast accuracy 

measures in order to determine the best performing ETS model. 



 

b. ARIMA models 
 

 
Figure 3.4 : Log-Transformed Fertility Rate Series 

 

After observing the original time series, it was noticed that the variability of the fertility rate 

appears to increase gradually over time. Since ARIMA models perform better when the variance is more 

stable, a logarithmic transformation was applied to the series. 

 

Figure 3.4 presents the log-transformed fertility rate series for women older than 40 in Australia. 

The purpose of this transformation is to stabilize the variance and reduce the effect of increasing 

fluctuations observed in the original series. 

 

After the logarithmic transformation, the series becomes more suitable for ARIMA modeling 

because the effect of large fluctuations is reduced and the overall pattern becomes smoother and easier 

to model. However, the upward trend still remains, which indicates that first order and possibly second 

order differencing are still necessary to achieve stationarity. Therefore, after variance stabilization 

through log transformation, differencing procedures were applied in the next step to remove the trend 

component and obtain a stationary series. 



 

 

 

 

 

i. Transformation 

 
Figure 3.5 : ACF and PACF of First-Differenced Log Series 

 

Figure 3.5 presents the ACF and PACF plots of the first differenced log-transformed 

series. Although the trend is reduced after first differencing, the series still does not fully fluctuate 

around a constant mean and some autocorrelations remain significant. This indicates that first 

differencing alone is not sufficient to achieve full stationarity. 



 

 

 

Figure 3.6 : ACF and PACF of Double-Differenced Log Series 

 

Second differencing was applied. Figure 3.6 presents the ACF and PACF plots of the 

double-differenced log series. After second differencing, the series appears more stable around a 

constant mean and most autocorrelation values fall within the confidence bounds. 

 

The ACF plot shows a significant negative spike at lag 1, while the PACF plot shows 

significant spikes at the first 2 lags. This pattern suggests that the transformed series is now closer 

to stationarity and supports the consideration of ARIMA models with differencing order d = 2. 

Based on these results, second order differencing was selected for the ARIMA modeling process. 



ii. Stationarity Check 

 
Although the forecast may not appear intuitive, as similarly observed in the class examples, the 

model is considered valid since the residuals follow a white noise process (p > 0.05), confirming 

that d = 2 was sufficient to achieve stationarity and that no significant autocorrelation structure 

remains in the residuals. 

 

iii. Identify Candidate ARIMA Models 

 
After achieving stationarity through second order differencing (d = 2), the ACF and PACF plots 

were examined to determine appropriate candidate ARIMA models. 

 

In the ACF plot, a single strong negative spike is observed at lag 1, while the remaining lags 

mostly remain within the confidence bounds. This pattern suggests the presence of a Moving 

Average component of order 1, indicating a possible MA(1) structure. In the PACF plot, 

significant spikes are observed at lag 1 and lag 2, while higher order lags are relatively weak. This 

indicates a possible Autoregressive component of order 2, suggesting an AR(2) structure. 

 

Based on these observations, two manual candidate ARIMA models were selected: 

• ARIMA(0,2,1) 

• ARIMA(2,2,0) 

 

In addition to these manually identified models, automatic model selection methods such as 

stepwise and search procedures were also applied to compare forecasting performance and 

information criteria. 

 

iv. Fitting ARIMA Models 

 

Model Type Model AICc Selection Method 

Manual ARIMA(2,2,0) -105.0595 ACF/PACF based 

Manual ARIMA(0,2,1) -103.7371 ACF/PACF based 

Automatic ARIMA(0,2,2) -104.2641 Stepwise 

Automatic ARIMA(2,2,0) -105.0595 Search 

Table 3.2: AICc Comparison of Candidate ARIMA Models 

 

The manually selected ARIMA models and the automatically selected models were fitted 

using the training dataset. The manual models were chosen based on the ACF and PACF patterns 

of the double-differenced log series. In addition, stepwise and exhaustive search methods were 

applied to compare the manually selected models with automatically selected alternatives. 

 

Table 3.2 presents the AICc values of the candidate ARIMA models. AICc was used as the 



main comparison criterion, where a lower AICc value indicates a better model fit. 

 

4. Model Selection on Training Data 

4.1 Selecting the Best ETS Model 
 

 

Table 4.1: AICc Comparison of Candidate ETS Models 

Table 4.1 presents the information criteria values of the candidate ETS models fitted using the 

training dataset. 

 

Among all candidate models, ETS(M,A,N) produced the lowest AICc value of -15.7256460. This 

result is also confirmed by the automatic model selection (auto_ets), which selected the same model. 

 

ETS(M,A,N) includes multiplicative error, additive trend, and no seasonal component. Since the 

fertility data is annual and no regular seasonal pattern is observed, excluding the seasonal component is 

appropriate. In addition, the additive trend structure allows the model to capture the long-term upward 

movement of the fertility rate series. Therefore, ETS(M,A,N) was selected as the best ETS model for 

further residual diagnostics and forecasting. 



 

 

4.2 Residual Diagnostics of ETS(M,A,N) 

 

 
Figure 4.1: Residual Diagnostics of ETS(M,A,N) 

 

The residual time plot is used to check whether the residuals fluctuate randomly around zero. The 

ACF plot helps determine whether any significant autocorrelation remains after fitting the model, while 

the histogram is used to visually examine the distribution of residuals. 

Most residual autocorrelations remain within the confidence bounds, indicating that there is no 

significant remaining autocorrelation in the residuals. This suggests that the ETS(M,A,N) model captures 

the main structure of the fertility rate series successfully. 

 

In addition, the histogram appears approximately symmetric and close to a normal distribution, which 

supports the adequacy of the model assumptions. However, a Ljung-Box test is also required to statistically 

confirm the independence of residuals. 



 

4.3 Ljung-Box Test for ETS(M,A,N) 

 

 
Table 4.2: Ljung-Box Test Result for ETS(M,A,N) 

 

The Ljung-Box test was applied to statistically check whether the residuals of the selected ETS(M,A,N) 

model contain any remaining autocorrelation. 

 

The null hypothesis of the Ljung-Box test states that the residuals are independently distributed and 

behave like white noise. As shown in Table 4.2, the p-value is 0.5964, which is greater than 0.05. 

Therefore, the null hypothesis cannot be rejected. This indicates that there is no significant remaining 

autocorrelation in the residuals and confirms that the ETS(M,A,N) model is statistically adequate and well 

fitted for forecasting. This result also supports the residual diagnostics shown in Figure 4.1 and strengthens 

the reliability of the selected ETS model. 

 

 

4.4 Selecting the Best ARIMA Model 

 

Model Type Model AICc Selection Method 

Manual ARIMA(2,2,0 ) -105.0595 ACF/PACF based 

Manual ARIMA(0,2,1) -103.7371 ACF/PACF based 

Automatic ARIMA(0,2,2) -104.2641 Stepwise 

Automatic ARIMA(2,2,0) -105.0595 Search 

 
Table 4.3: AICc Comparison of Candidate ARIMA Models 

 

Among the candidate ARIMA models, ARIMA(2,2,0) produced the lowest AICc value of -105.0595. 

The same model was also selected by the exhaustive search method, which supports the manual model 

selection based on the ACF and PACF analysis. 

 

The stepwise method selected ARIMA(0,2,2), but its AICc value was slightly higher at -104.2641. 

Similarly, the manually selected ARIMA(0,2,1) model had a higher AICc value of -103.7371. 

 

Since lower AICc values indicate better model fit, ARIMA(2,2,0) was selected as the best ARIMA 

model for further residual diagnostics and forecasting. This consistency between manual selection and 

automatic search increases the reliability of the model selection process. 



4.5 Residual Diagnostics of ARIMA(2,2,0) 
 

Figure 4.2: Residual Diagnostics of ARIMA(2,2,0) 

 

The residual time plot is used to check whether the residuals fluctuate randomly around zero. The 

ACF plot of the residuals is examined to determine whether any significant autocorrelation remains after 

fitting the model. The histogram is used to visually inspect the distribution of residuals. 

 

All residual autocorrelations remain within the confidence bounds, suggesting that the ARIMA(2,2,0) 

model captures the main dependence structure of the transformed series. The histogram also appears 

approximately symmetric and close to normal distribution, which supports the adequacy of the model 

assumptions. Therefore, the residual diagnostics indicate that the model is considered adequate for 

forecasting. However, a Ljung-Box test is also required to statistically confirm the independence of 

residuals. 



4.6 Ljung-Box Test for ARIMA(2,2,0) 

 

 
Table 4.4: Ljung-Box Test Result for ARIMA(2,2,0) 

 

The Ljung-Box test was applied to statistically check whether the residuals of the selected 

ARIMA(2,2,0) model contain remaining autocorrelation. The null hypothesis of the Ljung-Box test 

states that the residuals are independently distributed and behave like white noise. As shown in Table 

4.4, the p-value is 0.8630, which is greater than 0.05. Therefore, the null hypothesis cannot be rejected. 

This indicates that there is no significant remaining autocorrelation in the residuals. Therefore, 

ARIMA(2,2,0) is statistically adequate, well-fitted, and suitable for forecasting. 

 

 

4.7 Selected Candidate Models 

After model selection on the training data, two candidate models were retained for forecasting the 

test set: ETS(M,A,N) and ARIMA(2,2,0). ETS(M,A,N) was selected as the best ETS model, while 

ARIMA(2,2,0) was selected as the best ARIMA model. These two models were then used to generate 

forecasts for the test set and compare their out of sample forecast accuracy. 



5. Forecasting the Test Set 

5.1 Generating Forecasts for ETS(M,A,N) and ARIMA(2,2,0) 
 

 

 
Figure 5.1: ETS(M,A,N) Forecasts for the Test Set 

 

The ETS(M,A,N) model was used to generate forecasts for the test period from 2015 to 2022. 

Figure 5.1 shows the forecasted values together with the actual observations in the test set. 

The model captures the general long term trend of the fertility rate series, although some deviations 

between the forecasted and actual values can be observed. The prediction intervals widen over time, 

reflecting increasing uncertainty for longer forecast horizons. This behavior is expected in time series 

forecasting and indicates the uncertainty associated with future predictions. 



 

Figure 5.2: ARIMA(2,2,0) Forecasts for the Test Set 

 

The ARIMA(2,2,0) model was also used to generate forecasts for the same test period. 

Figure 5.2 presents the forecasted values and actual observations for the test set. 

The forecast pattern is similar to the ETS model, but the ARIMA model shows slightly different 

behavior in capturing the fluctuations of the series. The widening prediction intervals again indicate 

increasing uncertainty over time. 

 

Both models appear reasonable visually, but forecast accuracy measures are required to determine 

which model performs better. 

 

 

 

 

5.2 Forecast Accuracy Comparison 

 

Model RMSE MAE MAPE 

ETS(M,A,N) 0.384728 0.598431 10.21274 

ARIMA(2,2,0) 0.420262 0.355657 6.003898 

Table 5.1: Forecast Accuracy Comparison of ETS and ARIMA Models on the Test Set 



Table 5.1 presents the out of sample forecast accuracy measures of the two selected candidate models 

based on the test dataset. 

 

The main comparison criterion was RMSE (Root Mean Squared Error), since it is commonly used to 

evaluate forecasting performance and penalizes large forecast errors more strongly. Although 

ARIMA(2,2,0) produced lower MAE and MAPE values, ETS(M,A,N) achieved the lower RMSE value 

of 0.384728 compared to 0.420262 for ARIMA(2,2,0). Since lower RMSE indicates better overall 

forecasting performance, ETS(M,A,N) was selected as the final model. This result shows that ETS 

provides slightly better overall forecast accuracy for this dataset. 

 

 

5.3 Choosing the Final Model 

Based on the forecast accuracy comparison, ETS(M,A,N) was selected as the final forecasting 

model because it produced the lowest RMSE value among the selected candidate models. Although 

ARIMA(2,2,0) had slightly lower MAE and MAPE values, RMSE was selected as the main criterion 

because it penalizes large forecast errors more heavily and provides a better measure of overall 

forecasting performance in this study. Therefore, ETS(M,A,N) was considered to provide the best 

overall forecasting performance. The final selected model is ETS(M,A,N), which represents an 

exponential smoothing model with multiplicative error, additive trend and no seasonal component. 



6. Final Forecast Using All Data 

6.1 Refitting the Final Model 
 

 
Figure 6.1: Final 20 Year Forecast Using ETS(M,A,N) 

 

After selecting ETS(M,A,N) as the final forecasting model, the model was refitted using the full 

data set (1980–2022) in order to generate the final long term forecasts. Using the complete dataset 

improves model reliability since all available information is included in the estimation process. 

 

Figure 6.1 presents the 20 year forecast horizon together with the historical fertility rate series. 

 

The forecast shows a slight downward trend in future fertility rates, while the prediction intervals 

widen significantly over time. This widening uncertainty is expected in long term forecasting and 

reflects the increasing difficulty of predicting distant future observations. 

 

An 80% prediction interval was included to show the increasing uncertainty of long term forecasts. 



6.2 Point Forecasts and Prediction Intervals 
 

 

Table 6.1: 20 Year Point Forecasts and 80% Prediction Intervals 

 

Table 6.1 presents the point forecasts and 80% prediction intervals for the next 20 years obtained 

from the final ETS(M,A,N) model. 

 

The point forecasts show a gradual decline in fertility rates over the forecast horizon, while the 

prediction intervals become considerably wider over time. For example, the forecasted mean value for 

2023 is approximately 5.68, while by 2042 it decreases to nearly 5.25. At the same time, the lower and 

upper bounds of the prediction interval expand significantly, indicating higher uncertainty for long term 

forecasts. This behavior is common in time series forecasting, since uncertainty accumulates as the 

forecast horizon increases.Therefore, long term forecasts should be interpreted carefully, especially 

when prediction intervals become very wide. 



7. Conclusion 

In this project, the fertility rate of women older than 40 in Australia was analyzed using the 

aus_fertility dataset from the fpp3 package. After filtering the data for Australia, years after 1980, and 

age groups above 40, yearly average fertility rates were calculated to obtain a single annual time series. 

Since the series showed a strong upward trend and no seasonal pattern, ETS and ARIMA models were 

considered for forecasting. For ETS modeling, ETS(M,A,N) was selected as the best model based on the 

lowest AICc value and successful residual diagnostics. The Ljung-Box test also confirmed that the 

residuals behaved like white noise. For ARIMA modeling, ARIMA(2,2,0) was selected after evaluating 

manual models, stepwise selection and exhaustive search methods. Residual diagnostics also supported 

the adequacy of this model. Although both ETS and ARIMA performed reasonably well, forecast 

accuracy comparison showed that ETS(M,A,N) achieved the lowest RMSE value and therefore provided 

the best overall forecasting performance. As a result, ETS(M,A,N) was selected as the final forecasting 

model and used to generate the final 20 year forecast. The final forecast suggests a slight decline in 

fertility rates in future years, while prediction intervals widen significantly over time, reflecting 

increasing uncertainty in long term forecasting. Overall, the project shows that ETS(M,A,N) provides 

the most reliable forecasting structure for this dataset. 


